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Protocol of a quantum walk in circuit QED
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Implementation of a discrete-time quantum walk (DTQW) with superconducting qubits is difficult since
on-chip superconducting qubits cannot hop between lattice sites. We propose an efficient protocol for the
implementation of DTQW in circuit quantum electrodynamics (QED), in which only N + 1 qutrits, N cavities,
and other assistant devices are needed for an N-step DTQW. The operation of each DTQW step is very quick
because only resonant processes are adopted. The numerical simulations show that high-similarity DTQW
with a number of steps up to 20 is feasible with present-day circuit QED techniques. This protocol can help
to study properties and applications of many-step DTQW in experiments, and can be extended to implement
multidimensional DTQW in circuit QED or other quantum systems.
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I. INTRODUCTION

Circuit quantum electrodynamics (QED), composed of
superconducting qubits and microwave resonators or cavi-
ties, has attracted substantial attention because of its con-
trollability, integrability, ready fabrication, and potential
scalability [1–11] in quantum information and quantum com-
putation. Strong coupling and ultrastrong coupling of a qubit
with a microwave cavity in experiments have been reported
[1,12]. The level spacings of superconducting qubits can
be rapidly adjusted (1 ∼ 3 ns) [13–16], and their coherence
time is improved rapidly [13,17–21]. The circuit QED is
considered as one of the most feasible candidates for quantum
computation and quantum simulation [10,11].

The quantum walk is the extension of the classical
random walk, which has wide applications in quantum
algorithms [22–24], quantum simulation [25–28], universal
quantum computation [29–31], and so on [32,33]. In the stan-
dard discrete-time quantum walk (DTQW), there is a walker
moving with respect to the state of a coin. The evolutions of
the walker and the coin are characterized by a unitary operator
U = WC. In each step of a 1-dimensional (1D) DTQW, at
first, the coin with states |0〉c and |1〉c is tossed by the operator,

C = cos θ |0〉c〈0| + sin θ |0〉c〈1| + sin θ |1〉c〈0| − cos θ |1〉c〈1|,
(1)

with θ ∈ (0, π/2), and then the walker is shifted by

W =
∑

j

| j〉〈 j| ⊗ |0〉c〈0| + | j + 1〉〈 j| ⊗ |1〉c〈1|, (2)

where the integer j represents sites of the walker in the 1D
line. Though this shift operator W is different from that of the
standard DTQW, two shift operators are actually equivalent to
each other [34,35]. The implementations of DTQW have been
achieved in several quantum systems, such as linear optics
[24–26,36–38], ion traps [39,40], and neutral atom traps [41].
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But it is not easy to implement DTQW in circuit QED.
In other quantum systems, the coin and the walker can be
encoded with a single qubit, such as single photons or ions,
while the encoding of the coin and the walker with a super-
conducting qubit is difficult, since the superconducting qubits
in circuit QED cannot move like photons or ions. There are
only a few DTQW schemes in circuit QED. In [42–44], the
phase space of superposition states in a cavity is used to
encode the walker’s position and a coupled qubit is used as the
coin. Due to the adopted nonorthogonal states of the cavity
and the limitation of the phase space, the generality and the
scalability of this type of scheme are inevitable problems. In
[45], a 1D DTQW scheme is proposed, in which a pair of
superconducting qubits is used as a node and nearest-neighbor
qubits are coupled via tunable couplers. The walker moves in
the 1D line of nodes and the coin is encoded by the position
of the occupied qubit in each node.

In recent years, quantum information processing with qu-
dits ( d-level systems), including qutrits (i.e., d = 3), has been
attracting increasing interest, since qudits (with d > 2) can
be used to encode more information. For example, quantum
information processing and tomography of nanoscale semi-
conductor devices were studied [46,47]. In [48], quantum
state transfer on a one-dimensional lattice of superconducting
qutrits was studied. In [49,50], efficient schemes for quantum
state transfer of a qutrit in circuit QED were proposed.

In this paper, we propose an efficient and simple protocol
for implementation of DTQW in circuit QED, in which only
N + 1 qutrits (with 3 energy levels, tunable), N cavities (i.e.,
the couplers), and assistant devices (such as microwave lines
for classical pulses and readout devices) are needed for an
N-step DTQW. Since only resonant processes are adopted,
the operation of each DTQW step is very quick. With this
protocol, arbitrary initial states of the coin can be prepared and
arbitrary operation of the coin can be implemented easily. To
estimate the implementation of this protocol and the effects
of parameters, we numerically simulate the DTQW in a
superconducting system with the number of steps up to 20. It
indicates that this protocol is feasible with the present circuit
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QED technology and can be used to implement a many-step
DTQW. Because of the scalability and rapid improvement
of circuit QED technology, this protocol can help to study
properties and applications of many-step DTQW in experi-
ments, which is important for the development of quantum
information science.

II. A 1D DTQW protocol

As shown in Fig. 1, the setup consists of N + 1 tunable
flux qutrits (with energy levels |g〉, |e〉, and | f 〉) and N cavities
(e.g., 1D transmission line resonators, which can couple with
qutrits via capacitors). Suppose all qutrits have the same
energy levels (only at one bias point) and the frequency of
cavities (ωc) is equal to the |g〉 ↔ |e〉 transition frequency
of the qutrits (i.e., the identical ωeg at the bias point). The
walker’s position is represented by the position of the qutrit
in a nonground state (i.e., superposition state of |e〉 and | f 〉),
and the coin states |0〉c and |1〉c are represented by the states
| f 〉 and |e〉, respectively. In this case, an arbitrary initial state
of the coin can be prepared easily by applying corresponding
pulses to the qutrits. Suppose all cavities are initially in the
ground state |0〉 and decoupled with qutrits; the steps for the
implementation of the DTQW are as follows.

Step I: Tossing the coin by applying a pulse (with the
Rabi frequency �) to each qutrit. The frequency, duration,
and initial phase of the pulses are ω f e, tI , φ, respectively. In
the interaction picture, the Hamiltonian for qutrits interacting
with the pulses is

HI,1 =
∑

j

�(eiφ|e〉 j〈 f | + e−iφ | f 〉 j〈e|).

This Hamiltonian makes the following transformations for
states of qutrit j ( j = 1, 2, 3, . . . , N + 1):

|g〉 j → |g〉 j,

|e〉 j → cos(�tI )|e〉 j − ie−iφ sin(�tI )| f 〉 j, (3)

| f 〉 j → −ieiφ sin(�tI )|e〉 j + cos(�tI )| f 〉 j .

This shows that an arbitrary unitary operator of the coin can be
achieved by applying suitable pulses. If we set tI = θ/� and
φ = −π/2, this operation of the coin is just that of σzC, where
C is the coin operator in Eq. (1) and σz = |0〉c〈0| − |1〉c〈1|.
The shift operation of the walker with respect to the coin state
will be accomplished by the following two steps.

Step II: Adjusting the level spacing of qutrit j to couple
it with cavity j (assuming the coupling strength gj = g with
j = 1, 2, 3, . . . , N), i.e., ωeg = ωc. The Hamiltonian in the

interaction picture is

HI,2 =
∑

j

g(a j |e〉 j〈g| + a+
j |g〉 j〈e|).

After the evolution time tII = π/(2g) (i.e., gtII = π/2),
the transformations for the states of the qutrit j and the
cavity j are

|g〉 j |0〉 j → |g〉 j |0〉 j,

|e〉 j |0〉 j → −i|g〉 j |1〉 j, (4)

| f 〉 j |0〉 j → | f 〉 j |0〉 j .

Step III: Adjusting the level spacings of qutrits j and j + 1
to decouple the qutrit j from cavity j while coupling the
qutrit j + 1 with cavity j (assuming the coupling strength
g′

j = μ with j = 1, 2, 3, . . . , N). Now the Hamiltonian in the
interaction picture becomes

HI,3 =
∑

j

μ(a j |e〉 j+1〈g| + a+
j |g〉 j+1〈e|).

After the evolution time tIII = π/(2μ), the transformations
for the states of the cavity j and the qutrit j + 1 are

|0〉 j |g〉 j+1 → |0〉 j |g〉 j+1,
(5)

|1〉 j |g〉 j+1 → −i|0〉 j |e〉 j+1.

Finally, the level spacing of qutrit j + 1 is adjusted to decou-
ple it from cavity j.

If the walker is initially in position j (i.e., the qutrit j is
excited), after step II and step III, it will move into position
j + 1 (i.e., the qutrit j + 1) with the coin state |1〉c (|e〉 j+1) or
it will stay in position j (i.e., the qutrit j) with the coin state
|0〉c (| f 〉 j). This shift operation of the walker achieved in steps
II and III can be expressed as W σz.

Now the standard DTQW operation U = WC is achieved
with the operational time t = tI + tII + tIII . In Fig. 2, the
evolutions of the states of the qutrits j, j + 1 and the cavity
j with steps I, II, and III are demonstrated by assuming an
initial state of | j〉|1〉c (i.e., |e〉 j). Repeating steps I, II, and III
N times, an N-step 1D DTQW is realized.

III. POSSIBLE EXPERIMENTAL IMPLEMENTATION

In this section, we discuss the feasibility of the implemen-
tation of this DTQW protocol with DTQW steps up to 20
by numerical simulations. In all simulations, we set θ = π/4
for the coin operator and assume that the walker starts from
the qutrit 1. By considering dissipation and dephasing, the

FIG. 1. Setup for implementation of DTQW in circuit QED, which mainly consists of N + 1 qutrits and N cavities (e.g., 1D transmission
line resonators).
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FIG. 2. Illustration of implementing steps of DTQW and state evolutions by assuming that energy level |e〉 of the qutrit j is initially
occupied (i.e., initially the walker is at the position j and the coin state is |1〉). The small circles indicate the occupied energy levels. Hollow
circles represent the occupation of ground states and the shade of solid circles represents the probability of the occupation of nonground states.
θ = π/4 has been assumed for the coin operator C.

evolving of the system is determined by the master equation

dρ

dt
= −i[HI,k, ρ] +

∑

j

κa jL[a j] +
∑

j

γe f , jL[σ−
e f , j]

+ γgf , jL[σ−
gf , j] + γge, jL[σ−

ge, j] +
∑

j

γeϕ, jL[σee, j]

+ γ f ϕ, jL[σ f f , j], (6)

where L[�] = �ρ�+ − �+�ρ/2 − ρ�+�/2 (with � =
a j, σ

−
e f , j, σ

−
gf , j, σ

−
ge, j, σee, j, σ f f , j), σ−

e f , j = |e〉 j〈 f |, σ−
gf , j =

|g〉 j〈 f |, σ−
ge, j = |g〉 j〈e|, σee, j = |e〉 j〈e|, and σ f f , j = | f 〉 j〈 f |;

κa j is the decay rate of cavity j; γe f , j (γgf , j) is the energy
relaxation rate for the level | f 〉 associated with the decay path
| f 〉 → |e〉 (| f 〉 → |g〉) of qutrit j; γge, j is the energy relaxation
rate of the level |e〉; and γ f ϕ, j (γeϕ, j) is the dephasing rate
of the level | f 〉 (|e〉) of qutrit j. In the simulations, we will
divide each DTQW step into six processes: One process for
the classical pulse (with HI,1), two resonant processes (with
HI,2 and HI,3), and three level spacing adjusting processes,
as shown in Sec. II. Each process is calculated by the master
equation, and the density matrix obtained from previous
process is used as the initial density matrix of the next
process. Since the three level spacing adjusting processes are
very rapid, we set each adjusting time as 2 ns and set the
corresponding Hamiltonian HI = 0 for simplicity.

In DTQW experiments, the probability distribution P( j)
of the walker is always easy to measure. So we calculate the

similarity S = [
∑

j

√
Pme( j)Pid ( j)]2, which is a generaliza-

tion of the classical fidelity between two distributions and has
been widely used in DTQW experiments [25,27], to compare
the Pme( j) from result density matrix of the master Eq. (6)
with the ideal Pid ( j) of the standard DTQW. In numerical
simulations, flux qutrits are adopted and the decoherence
parameters used are (i) γ −1

eϕ, j = 2.5 μs, γ −1
f ϕ, j = 2.5 μs; (ii)

γ −1
ge, j = 5 μs, γ −1

e f , j = 2.5 μs, γ −1
gf , j = 7.5 μs; and (iii) κ−1

a j
=

10 μs [51,52]. Note that decoherence time ranging from 40 μs
to 1 ms has been reported for a flux qudit [21,53–56]. These
values of decoherence parameters for flux qutrits have consid-
ered the possible reduction of the coherence time away from
the flux-bias sweet spot, the Purcell effect, etc. We denote this
set of the decoherence parameters as T and the above choice
of T as T0. For simplicity, we will set the coupling strengths
g j = g′

j = g. We will study the effects of the coupling strength
g, Rabi frequency �, initial state of the coin |φc0〉, number of
DTQW steps N , and decoherence time set T on the similarity
S.

In Fig. 3(a), the similarity versus g/2π is plotted re-
spectively for |φc0〉 = |0〉c, |1〉c, and (|0〉c + i|1〉c)/

√
2 [i.e.,

| f 〉, |e〉, and (| f 〉 + i|e〉)/
√

2], with N = 10 and �/2π =
100 MHz [57]. It is shown that different initial states of the
coin lead to different similarities. Since each initial state of
the coin is a superposition of |0〉c and |1〉c (i.e., | f 〉 and
|e〉), the lowest similarity for all initial states should be that
with the initial state |0〉c (i.e., | f 〉). This phenomenon is
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FIG. 3. Similarity versus g/2π is plotted respectively (a) for initial states of the coin |0〉c, |1〉c, (|0〉c + i|1〉c )/
√

2 [i.e., | f 〉, |e〉, and (| f 〉 +
i|e〉)/

√
2], with N = 10 and �/2π = 100 MHz; (b) for �/2π = 50, 100, 150 MHz, with N = 10 and the initial state of the coin (|0〉c +

i|1〉c )/
√

2. (c) Similarity versus number of steps N is plotted respectively for T = 5T0, T0, T0/5, with g/2π = 50 MHz, �/2π = 100 MHz,
and the initial state of the coin (|0〉c + i|1〉c )/

√
2.

mainly due to two facts: (1) the probability that the walker
stays on | f 〉 is larger if the walker starts from | f 〉, which
has been confirmed numerically for N � 20; (2) the lifetime
of | f 〉 is shorter than that of |e〉 for all qutrits. As g/2π =
50 MHz, this shows that the similarity S is larger than 0.925
for an arbitrary initial state of the coin in the 10-step DTQW.
Moreover, the similarity increases with the increasing of g as
expected. It is shown that high similarity of this protocol can
be achieved with the present technology of circuit QED.

In Fig. 3(b), similarity versus g/2π is plotted respectively
for �/2π = 50, 100, 150 MHz, with N = 10 and |φc0〉 =
(|0〉c + i|1〉c)/

√
2. This shows that the similarity is not sen-

sitive to the Rabi frequency �.
In Fig. 3(c), similarity versus number of step N is plotted

respectively for T = 5T0, T0, T0/5, with g/2π = 50 MHz,
�/2π = 100 MHz, and |φc0〉 = (|0〉c + i|1〉c)/

√
2. This in-

dicates that similarity decreases with the increasing of N and
with the decreasing of T as expected. For larger T , similarity
decreases more slowly with the increasing of the step N . For
larger N , similarity is more sensitive to the variance of T .
For N = 20, we obtain similarity S ∼ 0.980, 0.906, 0.621
with T = 5T0, T0, T0/5, respectively. If the coherence times
of the devices are not very small, high similarity for a many-
step DTQW can be achieved with this DTQW protocol in
circuit QED.

In actual experiments, there are always some imperfections
of devices and operations which lead to errors of final states.
Here we estimate the effects of three possible error sources
on the similarity independently. In the following calculations,
we set g/2π = 50 MHz, �/2π = 100 MHz, N = 10, and

the initial state of the coin (|0〉c + i|1〉c)/
√

2. The first error
source we considered is that the condition gti = π/2 may not
be satisfied in the two resonant processes due to the error of
the coupling strength g or the operational time ti. In Fig. 4(a),
the similarity versus Rg = ḡ/g is plotted, where ḡ is the actual
coupling strength used rather than the perfect g in theory.
Note that the effect of the error of operational time ti on the
similarity is the same as that of error of g. This shows that the
similarity �0.9 can be maintained with the error of g within
5%. In Fig. 4(b), the similarity versus δ = ωc − ωeg is plotted,
which estimates effects of the imperfect adjusting of qutrit
levels. This shows that the similarity �0.86 can be maintained
with the error of δ/2π within 10 MHz. In Fig. 4(c), the
similarity versus � = ω f e − ωeg is plotted, which estimates
effects of the unwanted couplings of cavities and the unwanted
interaction of pulses with the |e〉 ↔ | f 〉 transition of qutrits. In
this case, we replaced the HI,k (k = 1, 2, 3) used in the master
equation with H̃I,k :

H̃I,1 = HI,1 +
∑

j

�(−iei�t |g〉 j〈e| + ie−i�t |e〉 j〈g|),

H̃I,2 = HI,2 +
∑

j

g(a je
i�t | f 〉 j〈e| + a+

j e−i�t |e〉 j〈 f |),

H̃I,3 = HI,3 +
∑

j

μ(a je
i�t | f 〉 j+1〈e| + a+

j e−i�t |e〉 j+1〈 f |).

This shows that the similarity �0.9 can be maintained with
�/2π > 1.4 GHz, which can be achieved easily for flux
qutrits.
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FIG. 4. Similarity versus (a) Rg = ḡ/g to estimate the effects of a possible imperfect set of the coupling strength g, (b) δ = ωc − ωeg to
estimate the effects of a possible imperfect adjusting of level spacing of qutrits, and (c) � = ω f e − ωeg to estimate the effects of the unwanted
coupling of cavities and the unwanted interaction of pulses with the |e〉 ↔ | f 〉 transition of qutrits.
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IV. CONCLUSIONS

We have presented a protocol for implementing standard
DTQW in circuit QED. The protocol is simple and efficient;
only N + 1 qutrits, N cavities, and other assistant devices
are needed for an N-step DTQW and the operational time
for each step is rather short due to the adoption of resonant
processes. With this protocol, arbitrary initial states of the coin
can be prepared and arbitrary operation of the coin can be
implemented easily, which is necessary for general research
and applications of DTQW. The numerical simulations prove
that high-similarity DTQW with N � 20 is feasible with

present-day circuit QED techniques. This DTQW protocol is
quite general and can be extended to implement multidimen-
sional DTQW in circuit QED or other quantum systems.
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